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Purpose: 

The aim of this project is to find the optimal sailing angle of a specific sailboat throught the use of 

proper math and data collection methods. The stimulus of the project is sports and economics because in 

sailing competitions sailing at the optimal angle is crucial to win the race and has direct effects on the 

prize earned at the end of a competition. 

Introduction: 

Before the invention of steam and gas engines, the ability of sailboats to use the wind energy to 

sail allowed early civilizations to trade and travel long distances. Since then, the fundamental principal of 

how a sailboat works have not changed so much. A standard sailboat has a main sail attached to a rigid 

vertical mast, and a planar keel under the hull constraining the boat to move only forward or backward. 

In this way, when the wind enters the sail from the the side of the sailboat, it produces a pressure on the 

sail and exits from the back end(leech) of the sail. The keel under the hull resists againts the component 

of the wind force that is perpendicular to the direction of the sailboat’s movement preventing the boat to 

drift siedways. In this way, the component of the wind force parralel to the movement of the sailboat 

pushes the sailboat boat straight. 

When the wind enters the sail from the front of the sail, the boat can sail towards the wind by an 

acute angle. This is called sailing upwind. When sailing upwind, the terms VMG is used to indicate the 
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speed that the boat moves towards the wind, and most of the time the aim is to keep the VMG as high as 

possible. When sailing upwind, the acute angle between the wind vector and the boat’s speed 

vector(sailing angle) has direct effect on VMG. If this angle is too small, not enought wind will enter the 

sail and the force produced will be also small or even zero in magnitude, and if it is too large, then even if 

the boat sails so fast, it will not travel towards the wind as much and VMG will be small or zero.  

Me as a sailor,I have experienced that the boats sail upwind fastest gets chance to win the sailing 

competitions. Since all sailboats have different sailing characteristics , they have different optimal sailing 

angles. For this reason, I have decided to find the the optimal sailing angle of the dinghy -LASER Radial- 

that I sail by collecting realtime data while sailing. 

In order to calculate the optimal sailing angle, I decided to plot a 3d graph with axes wind speed, 

sailing angle,and VMG. By fitting a 3d equation into the collected data points, I could then calculate the 

regions where VMG values were heighest and could produce a line equation which would give the highest 

possbile VMG rates at different wind speeds. 

Data Collection: 

To produce the 3d graph, I collected data about the sailboat’s and wind’s velocity vector by using 

a data collector that I have designed and built. The device collected real time data 5 times per second and 

recorded them into an SD flash card which could be plugged in to a computer to retrieve the raw data. 

 To build the device, I programmed an Arduino Nano(programmable controller board) in C++ to 

read data from the GPS module, anemometer, and a wind direction sensor and record them into the sd 

card. Then I encapsulated the sensors and the Arduino board in a waterproof case which I printed them 

from a 3d printer. The 3d printed parts were designed in 3dsMax and Fusion 360 3D modeling softwares, 

and blue PLA plastic was used to print the parts. The assembled data collector and sensors are shown 

below. 

 



3 
 

This is the main controller. It records the data obtained from the wind sensors and the GPS module 

(GPS module is inside the blues casing), into an SD card. 

 

This is the anemometer. It is connected to the main controller with cables and is only used for 

collecting data about the speed of the wind. The three caps on the sensor rotate around their center at a 

rate dependent on the speed of the wind. 

 

 

This is the wind vane. It is connected to the main controller with cables and is only used for 

collecting data about the angle that wind makes with the boat. So if wind blows from the front of the 

sailboat, this sensor outputs 0 degrees. This sensor is attached to the front of the sailboat to capture the 

most clear wind. The top part of the vane rotates around the lower part depending on the direction of the 

incident wind relative to the boat.  

In a sailing practice with moderate wind conditions, I attached the data collector and the 

sensors on the sailboat, and collected a total of approximately 21630 rows of data in around two hours. 

Then, I uploaded all the collected data into Microsoft Excel spreadsheet software. A small portion of the 
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raw data is shown below. The collected data are in knot units since “knot” is the universal unit in 

expressing long distances and speed rates at sea (“Knots an Hour”). 

Time 
(second-minute-hour) 

Apperand wind 
angle 

(degrees) 

Apperand wind 
speed 

(knots per hour) 
Gps heading 

(degrees) 

Gps speed 
(knots per 

hour) 

5:25:00 51.15 11.718 333.21 2.962 

5:25:00 53.96 7.089 333.21 2.962 

5:25:00 59.94 8.155 333.21 2.962 

6:25:00 64.16 11.844 321.43 2.894 

6:25:00 60.12 13.489 313.66 2.978 

6:25:00 56.25 8.464 313.66 2.978 

6:25:00 62.23 7.690 309.46 3.030 

6:25:00 62.75 14.775 304.78 3.020 

 

Mathematical Process 

Smoothing the Raw Data 

The data obtained from the anemometer which measured the speed of the wind is plotted below. 

It is possible to see that the values oscillates in a random pattern due to noise in electric signals. 

 

It is possible to reduce the noise in the collected data by applying the simple moving average 

(SMA) technique. This technique consists of replacing a single data point with the average of it and the 

data points n iteration before and after it. When this is repeated for all data points, the noise is reduced. 

The graph below contains the smoothed data which is not as noisy as the raw data (“Moving Average and 

Exponential Smoothing Models”). 
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The SMA technique is applied to all collected data (GPS, anemometer and the wind vane). In this 

way, it is aimed to increase the precision of the obtained results in the following steps.  

Calculating the Real Wind Vector 

As stated before, the data about the wind is collected by using two sensors attached on the boat. 

However, the boat was moving while data were collected and sensors were affected by the movement of 

the boat. Because of this reason, wind sensors did not collect data about the “real wind”, instead they 

measured the magnitude and direction of the “apperand wind”.  

To calculate the Real Wind Vector(R), the boat’s velocity vector(B) and apperand wind vector(A) 

are added. 

 

 

 

 

 

 

 

Calculating the Sailing Angle 

The upwind sailing angle (Θ) can be deduced by calculating the scalar product of the boat’s 

velocity(B) and real wind vector(R). 

 

                

 

 

Calculating VMG 

As mentioned before, VMG is the component of the boat’s velocity vector directed towards the 

real wind. To calculate the VMG, the boat’s speed |B| is multiplied with cosine of the upwind sailing angle. 

The equation is then simplified by combining the result from the previous step. 
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Surface fitting 

So far VMG and the upwind sailing angle calculations are presented. In this step, these 

two calculations are applied to all smoothed raw data. As a result, calculated VMG and upwind 

sailing angle values are presented in the new derived data table with the real wind speed values 

(The following data table is only a small portion of the original derived data table). 

Real Wind 
Speed(km/h) 

Upwind Sailing 
Angle (degrees) VMG(km/h) 

6.27 32.3 1.41 

6.43 31.4 1.42 

6.80 30.5 1.42 

6.63 31.8 1.39 

7.21 33.7 1.36 

7.26 36.0 1.32 

7.05 37.9 1.29 

7.58 38.9 1.29 

7.52 40.6 1.29 

 

To plot the derived data points in the 3D cartesion space, Octave (equavelent of MathLab) 

scientific programming lanugage is used. The following is the 3D scatter plot of the derived data 

points.  

 

The Scatter Plot of VMG With Respect to Wind Speed and Sailing Angle 
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In order to create a mathamatical model of the wind speed, upwind sailing angle, and 

VMG, all data points in the derived data table are uploaded to an online surface fitting website 

called “zunzun.com”. The output from the website was a 3d surface equation shown below. 

 

 

"θ" is the upwind sailing angle variable, and “S” is the real wind 

speed variable. “a” and “b” are equation constants. 

The VMG function presented above is plotted below. It is possible to interpret from the 

3D graph that as the wind speed (X axis) increase, the VMG(Z axis) also increases especially near 

40 degrees of sailing angle(Y axis). Also at 90 and 0 degrees of upwind sailing angle, the VMG 

values approaches to 0, which makes sense since when a sailboat sails 90 degrees to the wind, 

the boat does not travel any distance towards the wind. And also when the boat sails directly 

towards the wind with an upwind sailing angle of 0 degrees, the wind does not produce a 

pressure on the sail and cannot produce a force to move the boat forward. For this reason VMG 

stays zero when upwind sailing angle is 0 or 90.

 

 

𝑉𝑀𝐺(𝑆, 𝜃) = 𝑎(𝑆0.5 × 𝜃2) + 𝑏(𝑆0.5 × ln 𝜃) 

𝑎 =  −0.000176 

𝑏 =  0.292            
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𝑎 =  −0.000176 

𝑏 =  0.292 

 

Finding The Optimum Upwind Sailign Angle  

At this step, the aim is to find the upwind sailing angles of the sailboat at which 

VMG is maximum in varying Wind Speed values. In the graph below, it is possible to 

interpret that the maximum VMG is produced between 20 and 60 degrees of upwind 

sailing angles(Y axis) at increasing wind speed (X axis).  

To find the equation that gives the maximum VMG rates at different Wind 

Speed values, the partial derivative of the 3D surface equation is calculated below. 

 While calculating the partial derivative, the wind speed variable(S) is treated 

as a constant because the aim is to find the points in the 3D surface at which the VMG 

values are maximum, in other words where the 
𝑑(𝑉𝑀𝐺)

𝑑𝜃
 (or 

𝑑𝑍

𝑑𝑌
 ) is zero. So the Wind 

Speed (X axis) has no effect on the slope 
𝑑(𝑉𝑀𝐺)

𝑑𝜃
, thus it is treated as a constant value 

in the partial derivative procces. (a nd b are constants of the 3D equation) 

 

So the upwind sailing angle at maximum VMG is constant at varying wind speeds 

according to the results. When the contants “a” and “b” are substituted, the constant 𝜃 angle is 

calculated to be 28.8 degrees. This value suggest that no matter how strong the wind is, sailing 

the sailboat at 28.8 degrees towards the wind produces the maximum VMG and allows the boat 

to travel towards the wind at fastest speed. 

Finding the Maximum VMG Rate at Varying Wind Speeds 

             As the optimum upwind sailing angle 𝜃 is calculated to be a constant value of 28.8 

degrees, the values can be sustituted into the 3D VMG equation in order to obtain an equation 

that gives the maximum VMG rates with respect to varying wind speed. 

 

𝑉𝑀𝐺(𝑆, 𝜃) = 𝑎(𝑆0.5 × 𝜃2) + 𝑏(𝑆0.5 × ln 𝜃) 

𝑑(𝑉𝑀𝐺)

𝑑𝜃
 = 2𝑎𝑆0.5 × 𝜃 + 𝑏𝑆0.5𝜃−1 

When 
𝑑(𝑉𝑀𝐺)

𝑑𝜃
= 0: 

2𝑎𝑆0.5 × 𝜃 + 𝑏𝑆0.5𝜃−1 = 0 

2𝑎𝑆0.5 × 𝜃 =  −𝑏𝑆0.5𝜃−1 

𝜃 =  √
−𝑏

2×𝑎
  = 28.8 degrees 

 

 

 

 

 

 

𝑉𝑀𝐺(𝑆, 28.8) = 𝑎(𝑆0.5 × (28.8)2) + 𝑏(𝑆0.5 × ln(28.8))  

𝑉𝑀𝐺(𝑆, 28.8) =  3.32 × √𝑆 
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The deduced equation is a square root function, and it is graphed below.  

 

In the produced graph, when wind speed is 0, maximum VMG rate is also zero. This 

makes sense since when there is zero wind speed, the sail does not function. Also, as the wind 

speed increases(x axis) in the graph, the maximum VMG increases at a decresing rate. This 

behaviour of the equation can be linked to the friction force acting on a sailboat: As the wind 

speed increases, the pressure acting on the sail also increases and the sailboat is forced to 

moves faster. In fact, the increased speed of the sailboat causes more friction between the 

hull(body of the sailboat) and the water, so an opposing friction force reduces the speed and 

VMG of the sailboat below their potential values. 

 

Conclusion and Evaluaiton 

In this experiment, a custom data collector was built to collect real data about the wind 

and the boat’s movement. The device was attached to the a Laser(with Radial sail) sailboat, and 

data was collected in moderate wind conditions: 7 to 13 knots of wind. The data was then 
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processed and an online surface fitting tool was used to produce a mathamatical model of how 

the boat sailed during the experiment. Then , the model was used to estimate the optimum 

sailing angle, and also to find the corrolation between wind speed and VMG at optimum upwind 

sailing angle. Additionally, the produced mathematical model had Root Mean Squared Error rate 

of 0.823. 

At the end of the experiment, the corrolation between the VMG of the sailboat at 

optimum upwind sailing angle and the wind strength was deduced to be a  square root function 

𝑉𝑀𝐺 =  3.32 × √𝑆. According to this function, as the wind strength increases, the VMG 

increases at a decresing rate. The source of the decrease in the rate be intrepreted as the friction 

force between the body of the boat and the water: As the wind speed increases, more net force 

is produced and the boat sails faster, but friction force also increases due to the increase in speed 

and resists against produced VMG.  

Using the model, the best upwind sailing angle was calculated to be 28.8 degrees. It is 

possble that the calculated value is smaller than the actual upwind sailing angle; in fact, there is 

no external data found about Laser sailboat’s upwind sailing angle to compare it with because 

the optimal upwind sailing angle depends on multiple external factors some of which are 

explained below. 

One major factor affecting the upwind sailing angle of a boat is the sail. As the sail wears, 

it loses its orijinal aerodynamic shape and changes the sailing characteristic of the boat 

significanly. The sail used in this experiment was around two years old. To produce a more 

reliable result, it would be effective to use a brand new sail. 

Another factor that effects the upwind sailing angle of a sailboat is the skill of the sailor. 

The way the sailor responses each wave by body movements and by trimming the rudder while 

sailing the boat has direct effect on the overall upwind sailing angle of a sailboat. During the 

experiment, I  believe if I had practiced more before performing the experiment I could collect 

more accurate data. 

Besides external factors that effect the optimum sailing angle the boat, there is another 

possible source of error: During the experiment, while sailing upwind, I tacked regularly. When a 

sailboat tacks, it changes direction (by steering towards the wind) ,and the wind enters the sail 

from the opposite side of the sail. Then sailboat continues sailing straight in the new direction. 

However, while tacking, the boat travels directly towards the wind for a short amount of time 

(around 2 to 4 seconds). While tacking in the experiment, the data collector recorded around 0 

degrees of sailing angle which may have caused the calculated optimum sailing angle of 28.8 

degrees to be biased towards 0 degrees. In order to avoid the bias, it would be effective to stop 

the data collector before starting tacking, which was not possible since there was no button to 

stop the data collector used in this experiment. 
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To increase the precision and accuracy of the result, more cna be collected. 21630 rows of 

data were collected in around two hours in total. Although collected data were enough to create 

a model, more data collected in different wind conditions may help to increase the precision and 

accuracy of the produced model. 

Softwares Used 

❖ Microsoft Word   (text editor) 

❖ Microsoft Excel   (spreadsheet editor) 

❖ Octave     (scientific programming language) 

❖ ZunZunSite3 (“zunzun.com”)  (online curve and surface fitting tool) 
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